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Quintom evolution in power-law potentials
Emmanuel N. Saridakis∗
Department of Physics, University of Athens, GR-15771 Athens, Greece
We investigate quintom evolution in power-law potentials. We extract the early-time, tracker
solutions, under the assumption of matter domination. Additionally, we derive analytical solutions
at intermediate times, that is at low redshifts, which is the period during the transition from matter
to dark-energy domination. A comparison with exact evolution reveals that the tracker solutions
are valid within 98% for z & 1.5, while the intermediate ones are accurate within 98% up to z ≈ 0.5.
Using these expressions we extract two new w-parametrizations, one in terms of the redshift and one
in terms of the dark-energy density-parameter, and we present various quintom evolution sub-classes,
including quintessence-like or phantom-like cases, realization of the −1-crossing, and non-monotonic
w-evolution.
PACS numbers: 95.36.+x, 98.80.-k
I. INTRODUCTION
According to cosmological observations the universe is experiencing an accelerated expansion, and the transition
to the accelerated phase has been realized in the recent cosmological past [1]. In order to explain this remarkable
behavior, one can modify the theory of gravity [2], or construct “field” models of dark energy. The field models that
have been discussed widely in the literature consider a canonical scalar field (quintessence) [3, 4, 5], a phantom field,
that is a scalar field with a negative sign of the kinetic term [6], or the combination of quintessence and phantom in a
unified model named quintom [7]. Such a combined consideration intends to describe the crossing of the dark-energy
equation-of-state parameter w through the phantom divide −1 [8], which is not possible in simple quintessence or
simple phantom scenarios where w lies always on the same side of that bound (w > −1 for quintessence and w < −1
for phantom).
Although one can find potential-independent solutions in field dark energy models [9], in general the cosmological
evolution depends significantly on the potential choice. The power-law potential is a widely studied case since, amongst
others, it allows for a theoretical justification through supersymmetric considerations [10]. For quintessence [3, 11, 12]
or phantom case [13] it has been shown that it exhibits “tracker” behavior, that is for a large class of initial conditions
the cosmological evolution converges to a common solution at late times [5], which can be extracted analytically. At
intermediate times the dark-energy scalar-field is still small, but non-negligible, and one has to rely on perturbative
analytical expressions [12, 13]. However, such an extension to low redshift is very useful, since observations like
supernovae Ia, WMAP and SDSS ones, are related to this period [1]. Finally, an additional advantage of these models
is that the field energy density remains small at early and intermediate times and thus the known cosmological epochs
are not disturbed.
In this work we desire to study the quintom scenario in power-law potentials, both at high and low redshifts, and
provide the tracker solutions and the perturbative analytical expressions respectively. Due to the complex nature of
the model, we expect that the results will be qualitatively different from simple quintessence and simple phantom
models, even at the tracker level. The plan of the work is as follows: In section II we construct the quintom paradigm
in power-law potentials and we extract the matter-dominated solutions. In section III we derive the cosmological
solutions at intermediate times, that is when dark energy is non-negligible, but still sub-dominant comparing to
the matter content of the universe. In section IV we compare our analytical expressions with the exact numerical
evolution of the quintom scenario, and in section V we provide some applications of the model, extracting two new
w-parametrizations and discussing the cosmological implications. Finally, section VI is devoted to the summary of
our results.
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2II. EARLY TIME COSMOLOGICAL EVOLUTION: TRACKER SOLUTIONS
We start by constructing the simple quintom cosmological scenario in a flat spacetime. The action of a universe
constituted of a canonical φ and a phantom σ field, is [7]:
S =
∫
d4x
√−g
[
1
2
R− 1
2
gµν∂µφ∂νφ+ Vφ(φ) +
1
2
gµν∂µσ∂νσ + Vσ(σ) + Lm
]
, (1)
where we have set 8piG = 1. Vφ(φ) and Vσ(σ) are respectively the quintessence and phantom field potentials, while
the term Lm accounts for the (dark) matter content of the universe, considered as dust. Finally, although we could
straightforwardly include baryonic matter and radiation in the model, for simplicity reasons we neglect them since we
are interested in z < 20 era. The Friedmann equations read [7]:
H2 =
1
3
(
ρm + ρφ + ρσ
)
, (2)
H˙ = −1
2
(
ρm + ρφ + pφ + ρσ + pσ
)
, (3)
and the evolution equations for the canonical and the phantom fields are:
ρ˙φ + 3H(ρφ + pφ) = 0, (4)
ρ˙σ + 3H(ρσ + pσ) = 0, (5)
where H = a˙/a is the Hubble parameter and a = a(t) the scale factor. In these expressions, ρm is the dark matter
density, and pφ and ρφ are respectively the pressure and density of the canonical field, while pσ and ρσ are the
corresponding quantities for the phantom field. They are given by:
ρφ =
1
2
φ˙2 + Vφ(φ) (6)
pφ =
1
2
φ˙2 − Vφ(φ), (7)
ρσ = −1
2
σ˙2 + Vσ(σ) (8)
pσ = −1
2
σ˙2 − Vσ(σ). (9)
Using these expressions, we can equivalently write the evolution equation in field terms as:
φ¨+ 3Hφ˙+
∂Vφ(φ)
∂φ
= 0 (10)
σ¨ + 3Hσ˙ − ∂Vσ(σ)
∂σ
= 0. (11)
The equations close by considering the evolution of the matter density, which in the case of dust reads simply
ρ˙m + 3Hρm = 0, leading to ρm = ρm0/a
3, with ρm0 its value at present.
In quintom scenario, dark energy is attributed to the combination of φ and σ. Thus, we can define the dark energy
density and pressure as ρDE ≡ ρφ + ρσ and pDE ≡ pφ + pσ. Therefore, the dark energy equation-of-state parameter
reads
w ≡ pDE
ρDE
=
pφ + pσ
ρφ + ρσ
. (12)
In the present work we study quintom evolution in power-law potentials. That is we consider:
Vφ(φ) = κφφ
−αφ (13)
Vσ(σ) = κσσ
−ασ , (14)
3where κφ and κσ are constants with units m
4+αφ and m4+ασ respectively. Note that we do not restrict the values
of αφ and ασ a priori. However, as we are going to see, energy positivity will force αφ to be positive and ασ to be
negative and bounded, that is potential (13) will be an inverse power-law one while (14) will be of a normal power-law
form.
We can express the aforementioned cosmological system using the scale factor a as the independent variable, since
it is straightforwardly related to the redshift z which is used in observations. Generalizing [12, 13] we define
xφ =
ρφ + pφ
2(ρm + ρφ)
=
1
2 φ˙
2
3H2
=
1
6
(
a
dφ
da
)2
, (15)
xσ =
ρσ + pσ
2(ρm + ρσ)
=
− 12 σ˙2
3H2
= −1
6
(
a
dσ
da
)2
, (16)
and thus (6),(8) can be written as:
1
2
φ˙2 =
xφ
1− xφ [ρm + Vφ(φ)], (17)
−1
2
σ˙2 =
xσ
1− xσ [ρm + Vσ(σ)]. (18)
Therefore, we can simply write:
ρφ =
xφρm + Vφ(φ)
1− xφ (19)
ρσ =
xσρm + Vσ(σ)
1− xσ (20)
pφ =
xφρm − Vφ(φ)(1 − 2xφ)
1− xφ (21)
pσ =
xσρm − Vσ(σ)(1 − 2xσ)
1− xσ , (22)
and thus for the dark energy equation-of-state parameter we obtain:
w =
xφρm−Vφ(φ)(1−2xφ)
1−xφ
+ xσρm−Vσ(σ)(1−2xσ)1−xσ
xφρm+Vφ(φ)
1−xφ
+ xσρm+Vσ(σ)1−xσ
. (23)
Similarly, the first Friedman equation can be written as
3H2 =
ρm + Vφ(φ) + Vσ(σ)
1− xφ − xσ . (24)
Finally, using expressions (19)-(22) and (24) the field evolution equations (10) and (11) become
a2φ′′ +
aφ′
2
(5− 3xφ − 3xσ) + 3(1− xφ − xσ)
ρm + Vφ(φ) + Vσ(σ)
{aφ′[Vφ(φ) + Vσ(σ)]
2
+
dVφ(φ)
dφ
}
= 0 (25)
a2σ′′ +
aσ′
2
(5− 3xφ − 3xσ) + 3(1− xφ − xσ)
ρm + Vφ(φ) + Vσ(σ)
{aσ′[Vφ(φ) + Vσ(σ)]
2
− dVσ(σ)
dσ
}
= 0, (26)
with prime denoting the derivative with respect to a. These equations are exact and account for the complete dynamics
of the quintom scenario.
In this section we desire to present the tracker solutions, that is the initial-condition-independent solutions during
the matter-dominated era, i.e at early times. Therefore, we consider ρφ, |pφ| ≪ ρm and ρσ, |pσ| ≪ ρm, or equivalently
xφ ≪ 1 and |xσ | ≪ 1. Under these approximations, equations (25),(26) are simplified as:
a2φ′′(0) +
5aφ′(0)
2
+
3
ρm
dVφ(φ)
dφ
∣∣∣
φ=φ(0)
= 0 (27)
a2σ′′(0) +
5aσ′(0)
2
− 3
ρm
dVσ(σ)
dσ
∣∣∣
σ=σ(0)
= 0. (28)
4The zero subscript in parentheses “(0)” denotes just these zeroth-order solutions in terms of xφ,xσ , or equivalently
in terms of the quintessence and phantom energy density, and must not be confused later on with the subscript 0
without parentheses which stands for the present value of a quantity.
Equation (27) can be easily solved analytically in the case of power-law potential (13). The general solution for
αφ 6= 0 (which is the trivial case of a constant potential) is
φ(0) = Cφ(αφ)a
3
2+αφ , (29)
where the function Cφ(αφ) is related to the potential parameters through
Cφ(αφ) =
[2αφ(2 + αφ)2κφ
3ρm0(4 + αφ)
] 1
2+αφ . (30)
In (29) we have kept only the solution part that remains small (together with its derivative) for small a’s, in order
to be consistent with the matter-dominated approximation (ρφ, |pφ| ≪ ρm). This is the reason for the absence of
initial-condition dependent constants, which is just the central idea of tracker solutions. In addition, it is easy to see
that this solution remains regular for αφ → −2. The solution for αφ = −2 can be shown to diverge at small a and
thus we do not write it explicitly.
Similarly, the general solution of equation (28) under potential (14)) is
σ(0) = Cσ(ασ)a
3
2+ασ , (31)
where
Cσ(ασ) =
[
− 2ασ(2 + ασ)
2κσ
3ρm0(4 + ασ)
] 1
2+ασ
. (32)
The zeroth-order solution for ρφ can be calculated from (19) under xφ ≪ 1, that is ρφ(0) = xφ(0)ρm + Vφ(φ(0)),
where xφ(0) = (aφ
′
(0))
2/6. The result is:
ρφ(0) = 3ρm0
[Cφ(αφ)]
2
αφ(2 + αφ)
a
−
3αφ
2+αφ . (33)
Furthermore, using the zeroth-order approximation of (20), i.e ρσ(0) = xσ(0)ρm + Vσ(σ(0)) with xσ(0) = −(aσ′(0))2/6,
we obtain
ρσ(0) = −3ρm0
[Cσ(ασ)]
2
ασ(2 + ασ)
a−
3ασ
2+ασ . (34)
Similarly to the simple phantom case [13], expression (34) and the requirement of phantom-energy positivity leads
to the constraint −2 < ασ < 0, that is the phantom potential is a normal power law. Additionally, (33) leads to
αφ < −2 or αφ > 0, with the second case being physically more interesting since it corresponds to the well-studied
inverse power-law potential of the literature [3, 11, 12].
Finally, using the zeroth-order approximation of (21) and (22), namely pφ(0) = xφ(0)ρm − Vφ(φ(0)) and pσ(0) =
xσ(0)ρm − Vσ(σ(0)) respectively, we obtain
pφ(0) = −6ρm0
[Cφ(αφ)]
2
αφ(2 + αφ)2
a
−
3αφ
2+αφ (35)
pσ(0) = 6ρm0
[Cσ(ασ)]
2
ασ(2 + ασ)2
a−
3ασ
2+ασ . (36)
At this stage, the zeroth-order, that is early-time, results coincide with those of simple quintessence [12] or simple
phantom models [13]. This was expected since the exact equations of motion (25),(26), which correspond to a coupled
system for the two fields, under the zeroth-order approximation lead to the un-coupled equation system (27),(28).
Thus, at early times the two fields evolve independently. However, even at this approximation level, the complexity
of the quintom model leads to qualitatively different results. Indeed, dark energy is attributed to both fields under
definition (12). Therefore, we acquire:
w(0) =
pφ(0) + pσ(0)
ρφ(0) + ρσ(0)
=
−2 [Cφ(αφ)]2αφ(2+αφ)2 a
−
3αφ
2+αφ + 2 [Cσ(ασ)]
2
ασ(2+ασ)2
a−
3ασ
2+ασ
[Cφ(αφ)]2
αφ(2+αφ)
a
−
3αφ
2+αφ − [Cσ(ασ)]2ασ(2+ασ) a
−
3ασ
2+ασ
. (37)
5As we observe, although in the total absence of one of the fields this expression gives the corresponding results of
simple quintessence (w(0) = − 22+αφ [12]) and simple phantom (w(0) = − 22+ασ [13]), when both fields are present
and despite the fact that they are not coupled at this zeroth-level, the behavior of w(0) is qualitative different. In
particular, as can be clearly seen, w(0) is not a constant but it is a-dependent although it is the tracker solution. On
the contrary, in simple quintessence and simple phantom scenarios one should go beyond tracker solutions, that is to
intermediate times, in order to reveal a varying equation-of-state parameter. This feature makes the model at hand
cosmologically interesting. We mention that according to the specific model and choice of parameters, w(0) can evolve
below or above −1, or even experience the phantom-divide crossing.
Finally, we can calculate the zeroth-order behavior of the dark-energy density parameter as:
ΩDE(0) =
ρφ(0) + ρσ(0)
ρm
= 3
[Cφ(αφ)]
2
αφ(2 + αφ)
a
6
2+αφ − 3 [Cσ(ασ)]
2
ασ(2 + ασ)
a
6
2+ασ , (38)
where we have used that ρm = ρm0/a
3.
Expressions (29)-(38) are the tracker solutions for quintom cosmology in power-law potentials. Equivalently they
can be expressed as a function of time, considering a ∝ t2/3 since we are in the matter-dominated era, or as a function
of the redshift z through a0a = 1 + z, with a0 = 1 the present value. They provide an excellent approximation to the
behavior of the quintom scenario as long as ρφ, |pφ| ≪ ρm and ρσ, |pσ| ≪ ρm, that is at early times.
III. COSMOLOGICAL EVOLUTION AT INTERMEDIATE TIMES
As time passes and cosmological evolution continues, the scalar fields increase and dark-energy density becomes
non-negligible, although still dominated by the dark-matter one. Therefore, we expect that progressively the various
quantities will start diverging from the expressions obtained above. We are interested in the analytical investigation
of this intermediate evolution stage, and thus we perform a first-order perturbation to the zeroth-order solutions of
section II. The obtained solutions will be significant for the period during the transition from matter to dark-energy
domination. The corresponding quantities are denoting by the subscript “(1)”, and the total ones by tilde, i.e:
φ˜ = φ(0) + φ(1), σ˜ = σ(0) + σ(1), ρ˜φ = ρφ(0) + ρφ(1), ρ˜σ = ρσ(0) + ρσ(1), w˜ = w(0) + w(1). (39)
The aforementioned perturbations can be equivalently considered as keeping terms up to first order in xφ and xσ (i.e
keeping only xφ(0) and xσ(0)) and in φ(1)/φ(0) and σ(1)/σ(0), in the exact evolution equations (25),(26). An additional
convenient formula can arise form the expansions of the potentials as Vφ(φ˜) = Vφ(φ(0)) +
dVφ(φ(0))
dφ(0)
φ(1) +O(φ2(1)), and
similarly for Vσ(σ˜). Substituting the expansions (39) into (25),(26), we acquire the approximate evolution equations
at this intermediate-time region:
a2φ′′(1)+
a
2
{
5φ′(1) − 3[xφ(0) + xσ(0)]φ′(0)
}
+
3aφ′(0)[Vφ(φ) + Vσ(σ)]
2ρm
− 3[ρφ(0) + ρσ(0)]
ρm2
dVφ(φ(0))
dφ(0)
+
3
ρm
d2Vφ(φ(0))
dφ2(0)
φ(1) = 0,
(40)
a2σ′′(1)+
a
2
{
5σ′(1) − 3[xφ(0) + xσ(0)]σ′(0)
}
+
3aσ′(0)[Vφ(φ) + Vσ(σ)]
2ρm
+
3[ρφ(0) + ρσ(0)]
ρm2
dVσ(σ(0))
dσ(0)
− 3
ρm
d2Vσ(σ(0))
dσ2(0)
σ(1) = 0,
(41)
where xφ(0) = (aφ
′
(0))
2/6 and xσ(0) = −(aσ′(0))2/6. Inserting the explicit power-law potential forms (13) and (14) we
finally obtain
a2φ′′(1) +
a
2
[
5φ′(1) −
a2
2
φ′3(0)
]
+
a3
4
σ′2(0)φ
′
(0) +
27κφa
3φ
1−αφ
(0)
2(2 + αφ)ρm0
+
3
[
κσσ
−ασ
(0) − ρm06a σ′2(0)
]
a6
ρ2m0
κφαφφ
−1−αφ
(0) +
+
3a4
2ρm0
κσσ
−ασ
(0) φ
′
(0) +
3αφ(1 + αφ)a
3κφφ
−2−αφ
(0) φ(1)
ρm0
= 0 (42)
and
a2σ′′(1) +
a
2
[
5σ′(1) +
a2
2
σ′3(0)
]
− a
3
4
φ′2(0)σ
′
(0) +
27κσa
3σ1−ασ(0)
2(2 + ασ)ρm0
−
3
[
κφφ
−αφ
(0) +
ρm0
6a φ
′2
(0)
]
a6
ρ2m0
κσασσ
−1−ασ
(0) +
+
3a4
2ρm0
κφφ
−αφ
(0) σ
′
(0) −
3ασ(1 + ασ)a
3κσσ
−2−ασ
(0) σ(1)
ρm0
= 0. (43)
6Despite their complicated form, these equation allow for a relatively simple general solution, if we keep only the part
that remains small (together with its derivative) for small a’s, in order to be consistent with the matter-dominated
approximation. For αφ > 0 and −2 < ασ < 0 it reads:
φ(1) = Bφ(αφ, ασ) a
9
2+αφ , (44)
σ(1) = Bσ(αφ, ασ) a
9
2+ασ , (45)
where the functions Bφ(αφ, ασ) and Bσ(αφ, ασ) are related to the potential parameters through
Bφ(αφ, ασ) = 3Cφ(αφ)
{−[Cφ(αφ)]2ασ(2 + ασ)2(6 + αφ) + [Cσ(ασ)]2αφ(2 + αφ)[12 + 4(αφ + ασ) + αφασ]}
αφ(2 + αφ)ασ(2 + ασ)2(28 + 8αφ + α2φ)
(46)
Bσ(αφ, ασ) = −3Cσ(ασ){−[Cσ(ασ)]
2αφ(2 + αφ)
2(6 + ασ) + [Cφ(αφ)]
2ασ(2 + ασ)[12 + 4(αφ + ασ) + αφασ]}
ασ(2 + ασ)αφ(2 + αφ)2(28 + 8ασ + α2σ)
, (47)
(that is Bσ(αφ, ασ) arises form Bφ(αφ, ασ) changing the index φ to σ and vice versa, and adding an overall minus
sign). In these expressions the complexity of the quintom model becomes clear, since they are qualitatively different
from those of simple quintessence [12] or simple phantom [13] models. Indeed, since the first-order approximated
evolution equations (42),(43) are coupled, their general solution reveals a strong interdependence of the two fields,
too. This feature will become even stronger in the w(1)-solution below, which by definition it already depends on both
fields. Finally, in the total absence of one field, expressions (46), (47) give exactly those of the corresponding simple
models [12, 13].
The perturbation of ρφ can be calculated from (19) keeping the corresponding terms, thus:
ρφ(1) = xφ(0)ρφ(0) + xφ(1)ρm − αφ
φ(1)
φ(0)
Vφ(φ), (48)
where xφ(1) =
1
3a
2φ′(0)φ
′
(1) as it arises from x˜φ = xφ(0) + xφ(1) = a
2(φ′2(0) + 2φ
′
(0)φ
′
(1))/6. Therefore, using also (29),
(33) and (44) in order to express the result in terms of ρφ(0), we obtain
ρφ(1) =
{3[Cφ(αφ)]3 −Bφ(αφ, ασ)αφ(α2φ − 4)
2Cφ(αφ)(2 + αφ)2
}
ρφ(0) a
6
2+αφ . (49)
Repeating the same procedure for ρσ we acquire:
ρσ(1) = −
{3[Cσ(ασ)]3 +Bσ(αφ, ασ)ασ(α2σ − 4)
2Cσ(ασ)(2 + ασ)2
}
ρσ(0) a
6
2+ασ . (50)
The perturbation of w can arise form (12) as
w(1) =
pφ(1) + pσ(1)
ρφ(0) + ρσ(0)
− pφ(0) + pσ(0)
[ρφ(0) + ρσ(0)]2
[ρφ(1) + ρσ(1)], (51)
with pφ(1) = xφ(0)ρφ(0) + xφ(1)ρm + αφ
φ(1)
φ(0)
Vφ(φ) (and similarly for pσ(1)). The final result reads
w(1) =
α2φ(2 + α
2
φ)α
2
σ(2 + α
2
σ)a
12(αφ+ασ+αφασ)
(2+αφ)(2+ασ)
2
{
[Cσ(ασ)]2αφ(2 + αφ)a
3αφ
2+αφ − [Cφ(αφ)]2ασ(2 + ασ)a
3ασ
2+ασ
}2 (d1 + d2 + d3 + d4), (52)
where
d1 =
[Cφ(αφ)]
3(4 + αφ){3[Cφ(αφ)]3 +Bφ(αφ, ασ)αφ(2 + αφ)(6 + αφ)}
α2φ(2 + αφ)
5
a
6(1−αφ)
2+αφ
d2 =
[Cσ(ασ)]
3(4 + ασ){−3[Cσ(ασ)]3 +Bσ(αφ, ασ)ασ(2 + ασ)(6 + ασ)}
α2σ(2 + ασ)
5
a
6(1−ασ)
2+ασ
d3 = −Cφ(αφ)[Cσ(ασ)]
2{3(4 + ασ)[Cφ(αφ)]3 +Bφ(αφ, ασ)αφ(2 + αφ)[24 + (10 + αφ)ασ]}
αφ(2 + αφ)3ασ(2 + ασ)2
a
6
2+ασ
−
6αφ
2+αφ
d4 = −Cσ(ασ)[Cφ(αφ)]
2{−3(4 + αφ)[Cσ(ασ)]3 +Bσ(αφ, ασ)ασ(2 + ασ)[24 + (10 + ασ)αφ]}
ασ(2 + ασ)3αφ(2 + αφ)2
a
6
2+αφ
−
6ασ
2+ασ .
7Note that expressions (49), (50) and (52) in the total absence of one field, coincide with those of the corresponding
simple quintessence [12] and simple phantom [13] models. The qualitative difference of quintom scenario is also
reflected in the un-specified sign of the correction terms, contrary to simple models where these corrections have a
constant sign (φ(1) is always negative in both quintessence and phantom cases, and ρφ(1) > 0 and wφ(1) < 0 in simple
quintessence while ρφ(1) < 0 and wφ(1) > 0 in simple phantom scenario).
In summary, inserting (44), (45), (49), (50) and (52) in the perturbative expansion (39) we finally obtain the
analytical solutions for intermediate times, namely φ˜, σ˜, ρ˜φ, ρ˜σ and w˜. Finally, Ω˜DE can be calculated as Ω˜DE =
(ρ˜φ + ρ˜σ)/(ρ˜φ + ρ˜σ + ρm). We mention that since we have obtained the aforementioned quantities as a function of
the scale factor, it is straightforward to express them as a function of the redshift z through 1a = 1 + z.
IV. COMPARING ANALYTICAL AND NUMERICAL RESULTS
In the previous two sections we extracted analytical expressions for the quintom scenario in general power-law
potentials, when the universe is dominated by the dark matter sector. Concerning their applicability, we argued that
these solutions are valid at early and intermediate times, that is at both high and low redshift. In order to examine
the precision of our results, we evolve numerically the exact cosmological system calculating the exact quantities φ(a),
ΩDE(a), w(a), and then we study their divergence from the zeroth and first order formulae derived above. This can be
achieved by examining the ratios φ(0)/φ, φ˜/φ, σ(0)/σ, σ˜/σ and similarly ΩDE(0)/ΩDE, Ω˜DE/ΩDE and w(0)/w, w˜/w.
The initial conditions are chosen consistently with initial matter domination, since if this requirement is fulfilled then
the results do not depend on the specific initial conditions, as expected. Finally, we fix κφ and κσ in order to acquire
Ωm0 ≈ 0.28 and ΩDE0 ≈ 0.72 at present. Note that contrary to simple quintessence and simple phantom cases, one
can satisfy these observational requirements by many different realizations of the quintom scenario (i.e many different
potential-parameter choices), which is an additional advantage of the model at hand.
In fig. 1 we present the ratios of the zeroth and first order field solutions to the exact numerical values, as a function
of the redshift. The calculations have been performed for two potential combinations, namely αφ = 2, ασ = −1 and
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0.5
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(
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z
FIG. 1: (Color Online)Upper graph: The ratios φ(0)/φ (upper two curves) and eφ/φ (lower two curves) as a function of the
redshift, for αφ = 2, ασ = −1 (black, solid) and αφ = 1, ασ = −0.5 (red, dashed). Lower graph: The ratios σ(0)/σ (upper two
curves) and eσ/σ (lower two curves) as a function of the redshift, for αφ = 2, ασ = −1 (black, solid) and αφ = 1, ασ = −0.5
(red, dashed).
αφ = 1, ασ = −0.5. As we observe, φ(0)/φ and σ(0)/σ are very close to 1 for z & 1.5, that is the tracker solution is a
very good approximation at this early evolution stage, with errors of less than 3%. Furthermore, for 1.5 & z & 0.5
the zeroth-order solution is not a good approximation (with error 15%) but the first-order one remains within 95%
accuracy. As expected these errors are larger than the corresponding results of simple quintessence [12] and simple
phantom [13] models, since the exact system is coupled and thus the evolution depends on both fields. Finally, at
late times, that is for z < 0.5, the scalar fields are enhanced significantly, dark energy dominates the universe, and
our approximation breaks down rapidly.
In fig. 2 we depict ΩDE(0)/ΩDE and Ω˜DE/ΩDE as a function of z. The divergence of the zeroth-order solution
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FIG. 2: (Color Online)The ratios ΩDE(0)/ΩDE (upper two curves) and eΩDE/ΩDE (lower two curves) as a function of the
redshift, for αφ = 2, ασ = −1 (black, solid) and αφ = 1, ασ = −0.5 (red, dashed).
from the exact one starts at z ≈ 1.5. However, we can see that the first-order solution is very accurate (with error
less than 2%) up to z ≈ 0.5. After that point, the first-order solution starts diverging rapidly from the exact one and
our approximation is not valid.
Finally, in fig. 3 we present w(0)/w and w˜/w as a function of the redshift. We observe that the tracker solution is
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FIG. 3: (Color Online)The ratios w(0)/w (upper two curves) and ew/w (lower two curves) as a function of the redshift, for
αφ = 2, ασ = −1 (black, solid) and αφ = 1, ασ = −0.5 (red, dashed).
very accurate up to z ≈ 1.5, while the first-order one agrees with the exact evolution within 2% up to z ≈ 0.5. As
expected these errors are larger than the corresponding results of simple models [12, 13], since the error of w depends
on the errors of both fields.
Therefore, from these tree figures we conclude that the tracker, that is the zeroth-order, solution is accurate within
an error of 2% at early times and up to z ≈ 1.5. At intermediate times, that is at low redshifts, we have to use the
first-order analytical solution, which agrees with the exact cosmological evolution up to z ≈ 0.5, within an error of
2%. After that point, the dark energy sector enhances, it dominates the dark matter one, and our approximation
breaks down rapidly.
9V. COSMOLOGICAL IMPLICATIONS AND DISCUSSION
Having tested the accuracy of our analytical expressions and having determined their applicability region, we can
use them to describe an arbitrary quintom evolution in power-law potentials up to z = 0.5. Clearly, the tracker
solutions are much simpler and can be used as a first approximation. Contrary to simple quintessence and simple
phantom models, w presents a varying behavior even at this zeroth-order approximation level, and thus it can offer
a reliable description of the system (quantitatively up to z ≈ 1.5 and qualitatively later on). For intermediate times
one can use at will the analytical expressions for w˜ and Ω˜DE , which are very accurate up to z ≈ 0.5. Here we present
an additional simplification which allows for an easier application. Observing that their complicated form is due to
the a-independent coefficients (which are determined by the potential parameters) rather than the exponents of a,
we can make an easy shortening keeping the most significant a-terms and thus resulting to a convenient simulation
of w-evolution. Therefore, expressing the formula in terms of the redshift z through 1a = 1 + z, we finally acquire:
wfit z(z) = w1(1 + z)
s1 + (w0 − w1)(1 + z)s2 . (53)
In this w-parametrization w0 is its present value, which can be taken from observations, while w1, s1 and s2 are
determined by the potential exponents in a rather complicated way. Equivalently, we can consider w1, s1 and s2
as additional, free parameters. In this way, the relative large number of parameters in the fit (53) is attributed to
the general behavior of quintom scenario, which must be able to present a large class of cosmological evolutions.
Furthermore, the use of three or four parameters in w-parametrizations is usual in the literature [14].
Let us examine the accuracy of the fit (53), comparing it with the exact cosmological evolution of the model at
hand. In fig. 4 we depict the ratio wfit z/w as a function of z for two potential choices. In this figure the value w0 has
been determined numerically, that is why wfit z and w coincide both initially and finally. As we observe, the proposed
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FIG. 4: (Color Online)The ratio wfit z/w, where wfit z is given by (53), as a function of z, for αφ = 2, ασ = −1 (black, solid)
and αφ = 1, ασ = −0.5 (red, dashed).
w-parametrization, given by (53), agrees with the exact evolution within 99%. Similarly to the figures of the previous
section, the errors are larger for larger αφ and |ασ|, however small αφ, |ασ| are expected to be more realistic. The
very small error is due to the general and multi-parametric form of the fit (53), which allows for a very satisfactory
fit of a general quintom evolution in power-law potentials.
Another useful approximated relation, that can arise from our analytical results, is the expression of w as a function
of ΩDE . Indeed, since we have derived the relations w(a) and ΩDE(a), we can keep the most significant a-terms and
then eliminate a, resulting to w(ΩDE). Doing so we obtain:
wfitΩDE (ΩDE) = w2 + w3Ω
s3
DE + w4Ω
s4
DE . (54)
The various parameters can be determined by the specific potential choice in a rather complicated way. Equivalently
we can consider them as free parameters, suitably fitted in order to acquire the best agreement with the exact
cosmological evolution. Using a χ2 minimization routine to determine the best-fit values of these parameters, in fig.
5 we present the ratio wfitΩDE/w as a function of ΩDE for two potential choices, where the present ΩDE-value has
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FIG. 5: (Color Online)The ratio wfitΩDE/w, where wfitΩDE is given by (54), as a function of ΩDE , for αφ = 2, ασ = −1
(black, solid) and αφ = 1, ασ = −0.5 (red, dashed).
been taken to be 0.72, both in wfitΩDE and w. The error introduced by the fit (54) is less than 2.5% for the examined
potential cases, mainly at late times. The fact that it is larger than the corresponding error of wfit z, is a result of
the simplifications we performed in order to eliminate a and obtain wfitΩDE (ΩDE). Finally, we stress that fits (53)
and (54) can be considered to be valid up to present epoch (z = 0 and ΩDE ≈ 0.72) although they have arisen from
expressions valid up to z ≈ 0.5, since the relative large number of free parameters leads to small errors and one can
always adjust the fit to coincide with the exact evolution both initially and finally.
Since we have examined the accuracy of our w(z) and w(ΩDE) parametrizations, we can use them at will to
describe a large class of cosmological evolutions. In fig. 6 we depict wfit z(z) for four different cosmological cases.
Case I corresponds to a quintessence-like evolution, where w remains always larger than −1. Case II corresponds to
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FIG. 6: (Color Online)wfit z(z) for four different cosmological cases, as it arises from parametrization (53). Case I: w0 = −0.9,
w1 = −1, s1 = −1/3, s2 = 1/5 (black, solid), case II: w0 = −1.05, w1 = 1, s1 = −1/3, s2 = 1/5 (red, dashed), case III:
w0 = −1.05, w1 = −1, s1 = −1/3, s2 = 1/5 (green, dotted), case IV: w0 = −1.05, w1 = −1.8, s1 = 1, s2 = 1.8 (blue,
dashed-dotted).
a phantom-like evolution, with w < −1. Case III corresponds to a quintom evolution where w crosses the phantom
divide in the recent cosmological past, as might be suggested by observations within 95% confidence level [1]. It is
interesting to see that (53) allows for a non-monotonic wfit z(z), too. Indeed, case IV corresponds to such a behavior,
where w experiences the −1-crossing from above to below and then it starts increasing again.
In summary, as was mentioned above, expression (53) can describe a very large class of cosmological evolutions.
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Similar results can be obtained using wfitΩDE (ΩDE) from (54), where one can acquire various w(ΩDE) cosmological
behaviors. Finally, it is easy to see, that the case of simple quintessence can be described by (53) and (54) using
s1 = 0, s2 = − 62+αφ , s3 = 1, w1 = w2 = − 22+αφ , w3 = −
2αφ(4+αφ)
(2+αφ)(α2φ+8αφ+28)
, w4 = 0, while for the simple phantom
model the corresponding parameters are the same with αφ → ασ. However, it is more convenient to consider them as
free parameters.
VI. CONCLUSIONS
In this work we studied quintom models with power-law potentials. Firstly, we extracted the tracker solutions
under the assumption of matter domination. These solutions correspond to the general and common behavior of all
such models at early times, that is at high redshifts. Contrary to simple quintessence and simple phantom cases, even
at this zeroth-order approximation level, w is not constant but evolving, which is a result of the complex nature of
quintom scenario. The tracker solutions are quantitatively valid up to z ≈ 1.5 (within 98% accuracy), but since this
zeroth-order approximation possesses the qualitative features of the exact solution (varying and not constant w), it
could be used up to low redshifts in order to provide a first picture of the corresponding cosmological evolution.
In addition, we extracted the general cosmological solutions at intermediate times, that is at low redshifts, which
is the period during the transition from matter to dark-energy domination. Such a solution can be very useful in
dark energy observations, since probes based on supernovae Ia, WMAP and SDSS, are related to this cosmological
epoch [1]. The comparison with the exact evolution shows that these first-order solutions are accurate within 2% up
to z ≈ 0.5.
In order to use the aforementioned results in a relative simple way, we have further approximated them extracting
two new w-parametrizations, one as a function of the redshift z and one as a function of ΩDE . Although the
fitting parameters can be expressed as a function of the potential ones, one can equivalently consider them as free
parameters suitably chosen to describe an arbitrary evolution. Due to the relative large number of free parameters,
such parametrizations are very accurate up to present epoch. Thus one can use them in order to describe various
quintom evolution sub-classes, including quintessence-like or phantom-like cases, realization of the −1-crossing, non-
monotonic w(z) evolution etc.
The above analysis shows that a two-field (one canonical and one phantom) quintom scenario with power-law
potentials can offer a good description of dark energy evolution, in agreement with observations [1]. Moreover, the
fact that power-law potentials can be justified through supersymmetric considerations [10] is an additional advantage.
However, as it is usual in models where phantom fields are present, the quantum behavior of the examined scenario
needs some caution, since the discussion about the construction of quantum field theory of phantoms is still open in
the literature. For instance in [15] the authors reveal the causality and stability problems and the possible spontaneous
breakdown of the vacuum into phantoms and conventional particles, but on the other hand in [16] the phantom fields
arise as an effective description, consistently with the basic requirements of quantum field theory. The comparison
with observations and a robust theoretical justification should be the decisive tests for the present model.
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